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Abstract 



The Green-Schwarz superstring action in a general type IIA or IIB supergravity background is 
p,i derived up to fourth order in the Grassmann-odd coordinates 9. This is done by solving the 

superspace Bianchi identities order by order in 9, to quadratic order for all superfields and to 
quartic order for the supervielbeins. For a large class of backgrounds it is possible to fix the 
kappa symmetry in such a way that the action actually terminates at the quartic order in 9. 
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1 Introduction 

In many examples of the AdS/CFT-correspondence [I] string theory on an AdS-b&ckgiound 
with RR-fiux is conjectured to be dual to a conformal field theory living on the boundary of 
AdS. Particularly interesting examples, because of their integrable structure, include: 

• Type IIB string theory on AdS§ x S 5 with RR five- form flux [2]. 



• 



Type IIA string theory on AdS 4 x CP with RR two- and four- form flux [3], SI IS]- 



• Type IIB string theory on AdS 3 x 5 3 x T 4 or AdS 3 x S* 3 x S* 3 x S 1 with RR (and/or NSNS 
[B]) three- form flux [7]. 

• Type IIA string theory on AdS2 X S 2 x T 6 with RR four-form flux [8]. 

The last two have both type IIA and type IIB realizations due to T-duality. For the last case 
there is also a version with both two- and four-form flux also related by T-duality. 

An important tool in studying the AdS/CFT-correspondence is the study of semiclassical strings 
in the relevant background. Since the NSR-formulation of the string is not suited for describing 
strings in RR backgrounds one typically relies on the Green-Schwarz formulation, which is per- 
fectly suited for describing strings in any supergravity background, at least at the semiclassical 
level. The backgrounds listed above preserve 32, 24, 16 and 8 supersymmetries respectively and 
therefore they have a supercoset realization with the same number of fermionic coordinates. For 
all but the last example this means that the Green-Schwarz superstring, which has 16 physical 
fermions, can be described by a supercoset sigma model. However, this supercoset sigma model 
is in general a (partially) kappa symmetry gauge-fixed version of the full Green-Schwarz string 
which has 32 fermions. Due to subtleties with gauge- fixing of kappa symmetry it turns out that 
this gauge-fixing is not always compatible with the string configuration one is studying leading 
to potential problems with the supercoset formulation in certain cases. Because of this it is 
sometimes desirable to work with the full Green-Schwarz superstring! 1 ] Unfortunately the full 
Green-Schwarz supersting action is only known in a few special backgrounds such as AdS§ x S" 5 
|11| . where it is the same as the supercoset sigma model, AdS± x CP [5J, where it was found by 
dimensional reduction from eleven dimensions, a certain 7-brane background [12J and plane-wave 
backgrounds. However, the action is known to quadratic order in fermions in a general type II 
supergravity background [13], something which has proved to be quite useful for semiclassical 
computations. 

In this paper we will construct the type II Green-Schwarz superstring action in a general super- 
gravity background (with vanishing gravitino and dilatino) to fourth order in the fermions. We 
hope that this result will be useful in the study of semiclassical strings in the AdS/CFT-context. 
To write the Green-Schwarz action to a given order in 9 one must know the super geometry, specif- 
ically the supervielbeins, to the same order. The supergeometry can be found in a systematic 
way order by order in 9 from the superspace constraints and Bianchi identities. We carry out 
this construction up to order 9 A for the supervielbeins o It could in principle be pushed to higher 
orders but the complexity of the expressions increases quite rapidly. In fact, for a large class of 



1 Thc classical integrability has been extended to the full Green-Schwarz action up to quadratic order in fermions 
[9lll0| (and in the AdS^-case to all orders for a truncated model). 

2 An alternative approach would have been to obtain the result by dimensional reduction from eleven dimensions 
where the supergeometry is known up to order 9 5 |14] , 



backgrounds including the ones mentioned above, the fourth order action is enough in the sense 
that one can find a certain light-cone kappa symmetry gauge fixing such that the action termi- 
nates at the quartic order in fermions. This was suggested in [15] where the kappa symmetry 
fixed type IIB superstring action was also constructed for these backgrounds. Here we are able 
to write a more compact and geometrical expression for the action which is not gauge-fixed and 
covers all possible backgrounds. 

The outline of the paper is as follows. In section [2] we give our results for the superstring action 
in a general type II supergravity background up to quartic order in 9. We also review the 
argument for why one can find a kappa-gauge such that the action terminates at this order for 
a large class of interesting backgrounds. The rest of the paper is devoted to the derivation of 
these results. In section [3] we outline the systematic process for solving the superspace Bianchi 
identities order by order in 6. All superfields of the type II background are computed to order 
6 2 , while the supervielbeins (and B field) are computed to order 9 4 . Section 0] contains our 
conclusions. 

Appendix [X] gives our spinor and gamma matrix conventions and in appendix [B] we describe 
the constraints and Bianchi identities of type IIB supergravity in superspace. For the type IIA 
case the superspace constraints are listed in appendix O The constraints are written in a form 
which makes it trivial to go between the IIA and the IIB case. 



2 The type II superstring action to order 9 4 

The Green-Schwarz superstring action takes the following form in a general type II supergravity 
background [16] 

S = -T j (±*E a E b Vab -B), (2.1) 

where E a (a = 0, . . . , 9) are the vector supervielbeins of the background pulled back to the 
worldsheet and B is the NSNS two- form potential also pulled back to the woldsheet. We are 
using 2d form notation and the Hodge-dual '*' is defined using an auxiliary worldsheet metricO 
We will assume only that the background is a supergravity solution with vanishing fermionic 
(gravitino, dilatino) fields. The supervielbeins and B field are superfields and therefore depend 
both on the ten bosonic coordinates and also on the 32 fermionic coordinates of the type II 
superspace. The action therefore has an expansion in even powers of the fermions G up to 
32nd order which follows from the expansion of these superfields. In this section we give the 
expansion up to fourth order in 0. The rest of the paper is devoted to deriving the expansion 
of the superfields to this order. We will write the expressions for the IIA case and at the end 
of the section we explain how to obtain the IIB expressions by simple substitutions in the IIA 
expressions. 

The zeroth order Lagrangian is obtained by simply setting the fermions to zero in (|2.ip . 

C^ = ^*e a e b r, ab -B^, (2.2) 

where we denote the purely bosonic vielbeins by e a and B^°> is the lowest component in the 
^-expansion of B. 



3 It is of course also possible to use the Nambu-Goto form of the action, obtained by integrating out the auxiliary 
worldsheet metric, but then the statement about the action truncating at order 6 4 for certain backgrounds does 
not apply. 



The terms quadratic in fermions take the following form 



where 



£( 2 ) = 1 * e a QT a VQ - l -e a @r a T n V& , (2.3) 

VO={d- ]uj ah T ab + \e a H abc r 6 Tn + \e a ST a ) 9 , (2.4) 



4 
ui is the spin connection, H = dB is the NSNS three-form field strength and 

s = e*(^g ) r a6 r 1 i + i^r^) . (2.5) 

The derivative operator T> is the Killing spinor operator as we will discuss below. The matrix 
S encodes the dependence on the dilaton <p and RR-fields (recall that we are describing the IIA 
case here with RR two- and four- form fields, the IIB case will be discussed below). Here is a 
32-component Majorana spinor, see Appendix [A] for our spinor and gamma-matrix conventions. 
The quadratic action was first derived in [17} [T3] starting from the supermembrane action in 
eleven dimensions. 

The main result of this paper is the quartic superstring Lagrangian which takes the form 

£ (4) = 

- ^er a * ve er a ve + ler a ve er a rnpe + ^- * e a er a Mve - ^-e a QT a T u Mve 

8 8 24 24 

+ t^tt * e a e b OT a (M + M)ST b O - ^—;e a e b QY a Y lx {M + M)ST b Q 
3 ■ 64 3-54 

+ ^r[* eCed er ^ e - eCed ® T c ab r u e} (^@r d u ab e - 2or a u bd e) 

3 ■ o4 

- t^Wk^ @r c a6 r n G - e c e d er c ab e] (3ev d v n u ab @ + 2er a r 11 c/ M 0) . (2.6) 

3 • 64 

To shorten the expression we have defined two matrices which are quadratic in fermions 

M*p = M^ + M^+ l -H abc (r ab r n er(Gr c )^+ l -H abc (r ab er(er c r u )^ 
+ l -(sr a o)^(er a )p - ^-(r ab @)^(er a sr b ) fi 

o — lo — 

m*£ = ^eTQ5f-^eT 11 Te(T ll )^ + e^(Te) l +(r a Te)^(QT a ) l (2.7) 

while M = TuMrii. In addition two new matrices constructed from the background fields 
contracted with gamma-matrices appear at this order 

t = l -v a 0r a + ^H abc r abc r u + ^r a sr a (2.8) 

U a b = -f^[ a H b ] cd T c Til + TV[ a 5r 6 ] - -(Rabcd + -^H ace H bd e ) T c 

+ ^sr [a sr b] - ±H cd[a (sr b] r cd + r cd sr 6] )r n . (2.9) 

These have a simple interpretation as the matrices that appear in the conditions that ensure 
super symmetry of the background. For the background to preserve some super symmetry the 



corresponding supersymmetry parameters should make the variation of the dilatino and the 
gravitino field strength vanish. These conditions read 

= Sxa = e-V^_Xa|e=o = {Te)a 

= 5^ b = e^V^f b \e=o = (U ab er (2.10) 

where we used (|C,14p and (|C.20p . Therefore supersymmetries of the background correspond 
to spinors annihilated by the matrices T and U a b, i.e. T and U ab are typically proportional 
to projection operators (1 — V) where V projects on the supersymmetries of the background. 
Normally one talks about the supersymmetry variation of the gravitino itself vanishing which is 
equivalent to the Killing spinor equation 

Ve = 0. (2.11) 

The equation for the vanishing of the supersymmetry variation of the gravitino field strength is 
in fact the integrability condition for the Killing spinor equation since 

Ve = => = V 2 e = -e b e a U ab e . (2.12) 

We therefore see that the matrices T and U ab have nice interpretations in the type II super- 
gravity When the background preserves some supersymmetry or, more generally, has some 
superisometries the string action will be invariant under the superisometry transformations 

5Q a = Z a (x,G), 5x m = K m {x,Q). (2.13) 

The superfields K m and S a can be constructed order by order in 9 in a very similar way to how 
the supervielbeins are constructed (see section [3]). For a supersymmetry the lowest component 
of H is the Killing spinor while the lowest component of K vanishes. 

So far all that we have said applies to a type IIA supergravity background, however we have 
chosen to write the expressions in such a way that they generalize almost trivially to the type IIB 
case. The 32-component Majorana spinor 0— should be replace by a doublet of 16-component 
Majorana-Weyl spinors Q m i = 1,2. Similarly the gamma-matrices are replaced as follows 

T a ^7a, In^a 3 (except: T n T ->■ -a 3 T) . (2.14) 

Finally, instead of the S defined in (|2,5p one should use the expression appropriate to type IIB 



S = -e^FW + |aV 6c *i 3 c + ^l^FaL) ■ (2-15) 

Here (a 1 , a 2 = —is, a 3 ) are Pauli matrices and j a are 16-component gamma-matrices defined in 
Appendix^ With these replacements all the previous expressions apply also for the superstring 
in a type IIB supergravity background. 

2.1 Exact quartic action for certain backgrounds 

As was pointed out in [15] many supergravity backgrounds of interest belong to a class for 
which the fourth order action is actually the complete answer. This class includes for example 
the backgrounds listed in the beginning of the introduction. This statement is true provided 
that one fixes the kappa-symmetry of the string in the appropriate way. The argument is quite 
simple: Suppose it is possible to find light-cone coordinates such that 



1. The supergravity fields depend only on the transverse coordinates, i.e. V±4> = 0, V±H a b c = 
etc. 

2. The background tensor fields have only transverse indices or a pair of +— indices, i.e. 
R± a 'b' c ' = 0, F± a i „. a > = etc. (the prime denotes transverse directions). 

Then, fixing the kappa-symmetry by demanding that r + = 0, the only non-zero spinor bilinears 
that can appear in the string action are of the form 

er oi .. < r-pe or er ai ... < r-e. (2.16) 

Because of the assumptions (1) and (2) above the single '— ' index can only be absorbed by 
multiplying with a vielbein e + . This means that in the Lagrangian (|2.ip each spinor bilinear 
must be accompanied by a vielbein and since the Lagrangian contains at most two vielbeins the 
action must truncate at fourth order in G. 

For these backgrounds the action presented here is therefore the complete answer (at least in this 
kappa-gauge). This makes the quartic action particularly interesting. Note that the statements 
here apply to the action after fixing kappa symmetry but before fixing the bosonic symmetries. 
Fixing also the bosonic symmetries will typically reintroduce higher order 0-terms in the action 
through the Virasoro constraints. It is known that this can be avoided in certain cases including 
the first three backgrounds listed in the introduction by choosing a special, non-conformal, " AdS 
light-cone" gauge [TBI [19] u Note also that the gauge F + & = is not automatically compatible 
with a certain bosonic gauge-fixing for some string configuration. The consistency of the gauge- 
fixing must be checked by hand. 



3 Solving the Bianchi identities for the 9 dependence 

In this section we show how to obtain the type II supergeometry systematically as an expansion in 
6. All superfields are obtained to order 9 2 while the supervielbeins and -B-field, which are needed 
for the string action, are obtained to order 9 4 . It is in principle straightforward to push the 
calculation to higher orders in 9 but the expressions become quite long and not very illuminating. 
We assume that the fermionic fields are zero in the background. It is straightforward to include 
them but the expressions become longer and we did not find it particularly useful. 



The method we use is essentially the superspace normal coordinate expansion outlined in [20] . 
applied to the fermionic coordinates 6 (see [H] for an application of this procedure to eleven- 
dimensional supergravity). Rescaling the fermions by a parameter t 

9^t9 (3.1) 

the ^-expansion of a superfield becomes an expansion in t, e.g. 

E a = E (0) a + t 2 E {2) a + f 4_g(4) a + _ _ _ (33) 

for the vector supervielbein. One can then write a set of first order (coupled) differential equa- 
tions in the variable t for the set of superfields of type II supergravity. To do this one uses the 
fact that 

| = e-v a , (3.3) 



4 I want to thank A. Tseytlin for useful discussions of the gauge-fixing. 



where the normal coordinate O is defined as 

QB. = 0/LE^ = igEP- , i e E a = 0, i e Q ab = 0. (3.4) 

For the supervielbeins one then finds for example 

jE A = i e dE A + di e E A = C e E A A = (a, a) (3.5) 

and similarly for the spin connection superfield fi . Using the definition of torsion and curvature 
(see the Appendix), together with (|3.4p one finds 

j f E a = i e dE a = i e T a (3.6) 

!LeP- = dQ^ + iedE^ = {[d--^l ab T ab }Q)^ + i e T^ (3.7) 

-|o a6 = i e R ab , (3.8) 

where T a , T— are the components of the torsion superfield and R ab is the Riemann curvature 
superfield. These fields are subject to superspace constraints which are described in the Ap- 
pendix (as in the previous section we write the equations appropriate to type IIA and describe 
how to obtain the type IIB case by simple substitutions at the end of the section), e.g 

T a = --ET a E. (3.9) 

Using these constraints, specifically (|CT[) . (|C9[) . ()C.10|) and (JC.15P the equations become 

^-E a = -iET a e (3.10) 

dt y ' 

jE^ = ([d-^n ab T ab }Q)^+^E a H abc (T bc r n er+lE a (ST a e)^ 

- \q^e x + \{v xl e)^Ev llX + l -E^® x - \{v x1 e)^@y xiX 

- l -{T aX rET a Q + i(r a rnx) a ^r a rne (3.11) 
—n ab = --H abc er c T 11 E + -eT^ a sr^E + -E c QT c ij ab -iE c er^ c . (3.12) 

dt 2 4 2 cw v c \ ) 

The bosonic superfields appearing in these expressions are the NSNS three-form field H abc and 
the matrix encoding the RR-superfields S, defined in (jC.lip and (JB.17P for the type IIA and IIB 
case respectively, and the fermionic superfields are the dilatino x an d gravitino field strength 

Besides the equations for the ^-expansion of the supervielbeins (|3.1U|) . (|3.1ip and the spin con- 
nection ()3.12p we also need the corresponding equations for the remaining superfields of the 
theory which appear in the right-hand-sides of these equations. These are easily obtained, for 
example, from (JC.16P we find 

j t H abc = e^VaH abc = 3ier [a r n ^ c] . (3.13) 

From the definition of the dilatino superfield, X g_ = Vq0, we get 

j^ = &X- (3.14) 

6 



Similarly, using the equation for the spinor derivative of S (|C.17p . we find 

±S£L = S^x® + 6^ (S X P - (Tii9)l2 (TnSxP + (ST b @)^ (T bX p 

+ (5r 6 r n e)^ (r n r bX p - 2i(r cd e)^ (^p + 2i(r cd r n e)^ (r n ^)ii . (3.15) 

where S = FuSTn which is equal to S in the IIA case while in the IIB case we have S = a s Sa s = 
—S, hence the notation. The corresponding equation for the Riemann tensor superfield, although 
it will not be needed to find the superstring action to order , is 



j t R ab cd = -ier [a v b] ^ cd + l -H ef[a er^T b] T n ^cd + \h { * er e r n V 1 

+ l -er [a sr b ^ cd + l -er [a sv^ + \{ab) *> («£)] . (3.16) 



4 



Finally we need the equations for the fermionic superfields. Using (|C14[> we find for the dilatino 

YiX, 

(3.17) 



j t xa = ^v a (r a e)« + ^H abc (r abc r u e)a + ^(r a sr a G)« + \ x * ©x + ^ux) a er llX . 



while for the gravitino field strength we find, using (|C.20jl . 



"' " '" " ^ d T 11 Q)^ + - A {V [a ST b] Q)^-\{R abcd + l -H ac ^> ' - . ■ - W 



J t €b = ^ [a H b]cd (T cd T u Q^+-(V [a ST b] Q^--(R abcd + -H ace H bd e )(T cd Qr 



- ^H cd[a (sr^Tner - ^H cd[a (r c ^r 6] r n e)^ + -(sr [a sr b] Qr 

- \e-^abx + -(rue^^iix + \^ b ©x - ^(rin/>a 6 )-@r llX 

+ l^cx)-or c ^ ab - ^(r c r u x)-Qr c T n ^ ab . (3.18) 

This completes the list of superfields in the theory, but since we are interested in the string 
action it is not enough to know the NSNS three-form field strength H, we want to know its 
two-form potential B which appears in the string action. Fortunately this is easily obtained 
from H by the formula 

B = B (P) + I dti e H, (3.19) 

Jo 

where B^ ' is the purely bosonic part of B. Using the superspace constraint on H in (|C.5j) we 
find 

B = BW -i J dtE c Er c r u Q, (3.20) 

Jo 

which is easily evaluated once we know the form of the supervielbeins to a given order. Analogous 
formulas can be used to obtain the RR potentials which are needed if one wants to write down 
D-brane actions. 

In general this set of coupled first order differential equations has to be solved order by order in 
t, i.e. 0. In very special cases, namely when the background is maximally supersymmetric they 
can however be solved exactly in a rather simple closed form. The reason for this is that for 
a maximally supersymmetric background the fermionic superfields x anci ipab vanish identically 
(at lowest order this follows from the supersymmetry transformations (|2.1U|) ). leading to drastic 
simplifications of the system of equations. This simplification is related to the fact that in the 



maximally supersymmetric case the superspace is in fact a supercoset space. This simplifying 
structure has been exploited to construct the full supergeometry of AdS§ x S 5 [TTJ [2T] and 
also those of AdS^ x S 7 and AdS-j x S [21|, [22] in eleven dimensions. When there is less than 
maximal supersymmetry a subspace of the superspace can still be a supercoset. This leads to 
some simplification but it is not clear if this is enough to find the full supergeometry directly 
instead of order by order in 9. 

As in the previous section we have written the equations in such a way that the corresponding 
type IIB equations can be obtained by trivial substitutions. These are as follows 

T a ^7a, r n ^a 3 (except: r llX ->• -a 3 X ) (3.21) 

and using the appropriate form of S given in (|B.17j) . 

3.1 Solution to order 9 2 

Here we construct all the superfields of the supergravity background up to order 9 2 using the 
approach laid out in the previous section. We will assume that in the supergravity background 
the fermionic fields vanish. This means that the fermionic superfields will have an expansion in 
odd powers of 9 and the bosonic ones will have an expansion in even powers of 9. 

For the supervielbeins we find, using (|3.1ip and (|3.10p . 

E®* = (vef-, E^ a = -er a ve, (3.22) 

where T> is the Killing spinor derivative operator defined in (|2.4p . The dilatino and gravitino 
field strength superfields at linear order in 9 are easily found by evaluating (|3.17p and (|3.18p at 
9 = and one obtains 

x« = (re)« 5 ^^ = (u ab er (3-23) 

where the matrices T and U ab are defined in (|2.8p and (|2.9p and determine the amount of 
supersymmetry of the background. Once we know all fermionic superfields at linear order it is 
easy to find the bosonic ones at the quadratic order. From (|3.14|) and (J3.13P we find for the 
dilaton and NSNS three-form 

iere, H% = f 

while from (I3.15P we get 



0(2) = ere , n® = ^er [a r n u bc] e , (3.24) 



£(2)^ = Is^&to + -o^(stoP - ^(rue)i£(rii£Te)2] + -(sr a o)^(r a Tep 
- i(r 11 5r a e)^(r 11 r a rep] -i(r ab e)^(u ab ep +i(T cd r u e)^(T 11 u cd ep .(3.25) 

Finally, from ()3.12p and ()3.16p we find the spin connection and Riemann curvature tensor 

n (2)ab = _ l _ H abc QT r VQ + Lqy^ST^VO + -e c QT c U ab Q - -e c er^ a U b] c Q (3.26) 
4 8 4 2 

and 

R { a b )cd = -ler [a v^e + ^H ef[a er e fr b f xl u cd e + ^H { ^ c @r e r n u b f@ 

+ ^er [a sr b] u cd e + l -er [a sr^u b] ^e + [(ab) *+ (cd)] . (3.27) 



Using (|3.20p the B-field follows from the expression for the supervielbeins and we get 

#(2) = V er c rn£>e . (3.28) 

This completes the construction of all superfields to order 9 2 . The corresponding expressions 
for the type IIB case are obtained by simple substitutions as explained at the end of section [5J 

3.2 Supervielbeins and £>-field to order 6 A 

In this section we will derive the supervielbeins and -B-field, which are needed to write the 
superstring action, to order 9 4 . The other superfields can also be easily obtained but we will 
not give them since we do not need them. From (|3.1U|) it follows that the fourth order terms in 
the vector supervielbein are given by 

And from (|3.20p it follows that the l?-field at this order is given by 

B {A) = -\®Y a V® QTaTuVQ + ~e c 9r c rn£ (3) . (3.30) 

8 4 

All that remains then is to determine the cubic terms in the spinor supervielbein. From (|3.1ip 
on finds 

E®& = -±-n^ ab (T ah Qr + y± e{2) a H -^ ( r6cr n0)- + y/ h ^c (r 6c r n e)^ 
+ ±- E M a (sr a er+±-e a (sMr a &)z-~&z E w x u + i(r 11 e)^sWr 11 x (1) 

24 24 b b 

+ \e^^q x {1) - krn^«) a er llX (1) - J(r aX (1) ) a ^ (1) r a e + \{Y a Y llX { - 1) ^E^Y a Y ll Q . 

6 6 6 6 

Using the expressions obtained for the superfields at the linear and quadratic order in 9 we 
obtain 

£( 3 >a = \(MV®)^ + -U a ((M + M)Sr a 6)^ + ±-e a (QY a (M + M)S)^ 
6 96 96 

- y/ (r o6 ©)-er c c/ a6 e + ^e c (r ab erer a u bc e + ^f {Y ab Y lx ®)^®Y c Y xl u ab ® 

+ ^e c (Y ab Y n e)*eY a Y u U bc e - ^e c (U ab &reY c ab e + ^e c (Y u U ab G)^eY c ab Y u Q 

(3.31) 

where the matrices M. and M are quadratic in and were defined in (|2.7p . Using these expres- 
sions in the general expression for the string action (|2.ip one obtains the quartic Lagrangian 
given in (|2.6p . 



4 Conclusions 

We have constructed the type IIA and type IIB superstring action to quartic order in 9 in a 
general supergravity background (with vanishing fermionic fields). To obtain this action we had 

9 



to find the supervielbeins of the background to the same order. This can be done straightfor- 
wardly by solving the superspace Bianchi identities order by order in although the expressions 
quickly become quite involved. We have also argued that knowing the quartic action is especially 
interesting since for many backgrounds of interest, for example in the AdS/CFT context, one 
can find a kappa-gauge such that the string action actually truncates at this order. We therefore 
hope that the action presented here will be useful for semiclassical string computations, espe- 
cially in the AdS/CFT context. It would be very interesting to study the integrable structure 
of this action, especially for cases where there is no (complete) supercoset description such as 
AdS2 x S 2 x T 6 . We hope to address this question in the near future. 
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Appendices 

A Spinor and gamma-matrix conventions 

In the type IIA case the Grassmann-odd coordinates are represented as one 32-component 
Majorana spinor 0— (a = 1, . . . , 32). While in the type IIB case they are described as a doublet 
of 16-component Majorana- Weyl spinors m (a = 1, . . . , 16 and i = 1, 2). 

For the type IIA case the appropriate gamma-matrices are 32 x 32 matrices satisying the Clifford 
algebra 

{r a ,r b } = 27? afe , (A.i) 

where the Minkowski metric has mostly plus signature. Together with Tn = To. ..9 they form 
the D = 11 gamma-matrices Ta (a = 0, . . . , 9, 11). The symmetry properties are as follows 

Symmetric: (CT a )^, (CT &h )^_, (CT aSafe )^ 
Anti-symmetric: C^, (CT aSg )^, (CT^)^. 

Here C is the charge conjugation matrix used to raise and lower spinor indices. It satisfies 
C 2 = — 1. All spinors are defined with an upper index and the charge conjugation matrix will 
mostly be left implicit, e.g. T^g = (CT a ) Q/ g. It can always be restored by looking at the position 
of the spinor indices. 

The D = 11 gamma-matrices satisfy the basic Fierz identity 

r M r a^) = 0- (A-2) 

They also satisfy the duality relations 

(— T) n 

Cpai---a2n\a _ ' ,-ai---ffl2nfci---fcio-2« /T. , T\-^„ 

I 1 J p_ — (lQ — 2n)\ bv-bio-2n L 11/ P_ 

(—*\\ n 

(■pai---a2n+l\a _ V V r ~ai---a2n+ibi---bg-2 n fr. , T\,^2L„ 

V 1 J £ — (Q — 2n)\ bi-bg-2n L H^ £■ 

In the type IIB case the appropriate gamma-matrices are instead 16 x 16. They can in fact be 
taken to be the off-diagonal blocks of the 32 x 32 gamma matrices in the realization 

(7T 5 A fr v* ( 6% \ _( 

These have the symmetry properties 

Symmetric: 7^ , 7a/3 C<fe Anti-symmetric: 7^ c . 
In addition they satisfy the basic Fierz identity 

laip-ilaU) = (A.4) 

and the duality relations 

(^ai---a 2n \a _ \ ) ai-a2n&i---&io-2w /„, , \a 

W J /3 — /j q _ 2 n )\ \lbi-bio-2n) P 

(—1) n 
( ry ai-a2n+l\ — V J r ai-a2 n +ibi-bg-2„ ( \ 

W Ja/3 — /g _ 2 n )\ \lbi—bg-2 n )aP- 

Note that -f abcde is self-dual. 
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(r»F £ = ( »„' j , (r n )^= ^ _, ? ) , <k = ( _ fi j ) . (A.3) 



B Type IIB supergravity in superspace 

Here we briefly review the formulation of type IIB supergravity in superspace |23j and write 
the superspace constraints in a useful form for our calculations. The torsion and curvature 
two-forms are defined as (A = a, ai) 

T A = dE A + E B n B A (B.l) 

r a b = dn A B + n A c n c B , (B.2) 

in terms of the supervielbeins E and spin connection Q , which satisfies 

V@ m = dQ «i + n a^i = dQ ai _ Ijyrf, ^yi ^ Q J = ^ = _ ^ a \ lab f a . (B.3) 

The Bianchi identities for the torsion and curvature are 

dT A + T B n B A = E B R B A (B.4) 

dR A B + R A c n c B -n A c Rc B = 0. (B.5) 

In addition we have the NSNS three-form field strength H and RR field strengths F^ 2n+1 > 
(n = 0, . . . , 4) with Bianchi identities 

dH = (B.6) 

dF (2n+l) = _ F (2n-l) R _ ( R? ) 

Note that we are not using a notation which makes the SL(2, i?)-invariance of type IIB super- 
gravity manifest |24[ [25] . Instead we have tried to use simple constraints which look almost 
identical in the type IIA and type IIB case so as to make it easy to go back and forth between 
the two. 

It is useful to have the Bianchi identities also in components. For the RR-fields, for example, 
they take the form 

v p(2n+l) , 2n + l B (2n+l) _ (2w + l)2w p (2n-l) , R „,. 

v [Ai r A2 ... A2n+2 ]^ 2 - L [A 1 A 2 r \B\A 3 -A 2 „+2} ~ 31 rL [AiA 2 A z - c Ai ... A2n+2 y K D ^> 

B.l Superspace constraints 

Here we organize the superspace constraints according to the mass-dimension at which they 
occur. The higher dimension constraints follow from the dimension zero ones (together with 
certain conventional choices). 

Dimension 

The curvature vanishes at dimension and the non-zero components of the torsion, NSNS 
three-form H and RR-fields are 

T am c = -i6 in c afj , (B.9) 

H a i/3jc = -icrfji-y^ap , (B.10) 

^SffiU-a = ^(V^iW (n = 0,...,4), (B.ll) 
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where (f> is the dilaton superfield and 

r 3«+i h.. __ / £ ij (neven 



4 = (i^rvi, = i 4 £ odd) ' . (B.i2) 



in terms of the Pauli matrices. 



Dimension 1/2 



The NSNS three-form H and curvature vanish at dimension 1/2 and the non-zero components 
of the torsion and RR-fields are 



r, 



-/y 7fe = «?£x/y) + i^ti^xhj) - \^i a a pdaxV k - \^i a a p(ia^xV k , (B.is) 

^It'L = -e-^S-(7« 1 ..^,X , ")«, (B.14) 

where the dilatino superfield is defined as 

XJ, = V«^. (B.15) 

Dimension 1 

The NSNS tree- form H and RR forms F^ 1 ' and F^ 3 ' are unconstrained at dimension 1. The 
non-vanishing components of the torsion are 

V = -^ a6 c4(7 6c ) 7 /3 " ^(%7a) T /3 , (B.16) 

where the dependence on the RR fields is captured by the anti-symmetric (in ai -H- fij) matrix 

4 „n 

y(2n+l) / 6i-62„+i\q/9 



o«/5 _ 1 V^ S 'J F '(2n+1) / 6 

'J 2 ^ (2n + l)! 6 i"Wi v ' 

n=0 V ' 



The modified RR field strengths, denoted with a prime, are defined as 

r ai---a2n+l — e ^ai— a2n+i ^ i A Ja 1 ---a 2n +i A (/(, — U, . . . , ^ . I^O.IOJ 

The constraints on the RR-fields at dimension 1 are then the duality relations 

F /(2n-l) _ (- 1 )" a 2n -a 10 p'(10-2n+l) / ,, ^ ,g lq x 

^ai— a 2 „_i — nn _ Or? -I- 1 V r ai n — aio \ii — o,t,oj . {u.iv) 

(5) 

In particular F^ bcde is self-dual. 



In addition we find at dimension 1 that the spinorial derivative of the dilatino is given by 

1 u „3 abc l 



VaiXJ = ^mXffi + ^XUi^X)?] + JV a </><%7a/3 " T^ftc^S " J^i^S^a)^ <B.20) 
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The last term is easily computed from the definition of S giving 

7 a S 7a = 4(2^)^ + Ii/£V 7 a6c ) • (B.21) 

Finally, the dimension 1 curvature can be easily found from the torsion Bianchi identity, 

^[aTbc] + T [AB T \E\C] = R[ABC] > (B.22) 

which gives at dimension 1 

Rai/3jc = V c T ai (3j + 2T c(Qi 7 Tpjyyk = -i? ac (7^7^ - -(7c<%7 )a/3 + £ (l Sij7fc)ap • (B.23) 

Dimension 3/2 

The torsion Bianchi identity (|B.22j) gives for the dimension 3/2 curvature 

2Rai[bc]d = -Kld^Da , (B.24) 

where we have introduced the gravitino field strength equal to the dimension 3/2 component of 
the torsion 

T ab m = Cb ■ (B.25) 

This implies that the dimension 3/2 curvature is given by 

% 
Raibcd = ^(7b1pld)a ~ Kl[c^d]b)oi ■ ( B -26) 

From the Bianchi identity for the NSNS three-form H one finds 

^aiHabc = —3T[ ab P J H\ ai 0j\ c ] = 3i(7[ a <7 1pbc])ai ■ (B.27) 

It will be useful to also have an expression for the spinor derivative of the RR-matrix S defined 
in (|B.17p . This can be derived from the appropriate component of the torsion Bianchi identity 
()B.22p . For i ^ j we have 

/? a- • <5jr ' — — Va-T • <5jf — V T a- 5 i A-T a™T ■ & 

+ g^ {laSijX 3 )? ~ g(laSijj b )i3~,("fbX J ) S (i + 3, no sum on j) . (B.28) 

Using the expression for the dimension 3/2 curvature (JB.26P and (|B.27j) and multiplying with 
7 a we get 

V aj Sfr = fig 7 xi + *l {SijX j f ~ (Sirffa ( lbX ] V + 2*( 7 C< % 7 tycd)* ~ 2»M7°V (^ 
(no sum on j) , (B.29) 

or equivalently, 

V m S^ k = S^' k xai - S [ £i (S X y k] + (6<r 3 ) l S (a 3 S X y k] - (Sj^ai ( lbX T lk] 

(B.30) 
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From the remaining dimension 3/2 torsion and RR-field Bianchi identities one finds that the 
gamma-trace of the gravitino field strength is given by 

7 6 VL = 2*V aX * + \H ahc ( 7 bc a 3 X y (B.31) 

while the dilatino satisfies the equation of motion 

7 a V aX * - 2V a 7 V - ^H abc 4 7 a V + \SiiX? = • (B.32) 

Dimension 2 

At dimension 2 we would find the bosonic equations of motion but as we will not need these 
here we will only derive the expression for the spinorial derivative of the gravitino field strength 
which we will need. From the torsion Bianchi identity ()B.22|) we get at dimension 2 

This gives the following equation for the spinorial derivative of the gravitino field strength 

VoiW 9 '' = -^V [a # 6]cd 4( 7 C< V + \{%<Fh\Sij)J + \^{Rabcd + \HaceH bd e ) ( 7 «V 

1 1 la 

- -^vfk H cd[a ('f d 'yb]Skj)a + 7^Vkj H cd[a {lb]Sikl Cd )a^ ~ -^{l[ a Siklb\Skj)cP 

1 1 11 

+ li-fM* {icX? 3 + \{l c ^abU {lcv\f j ■ (B.34) 

C Type IIA supergravity in superspace 

Here we will give a brief description of type IIA supergravity in superspace [26] . We will use a 
form of the superspace constraints which is essentially identical to that used for the IIB case. 
This is useful since it lets us easily go back and forth between the type IIA and type IIB case 
by just replacing the spinors and gamma matrices appropriately. 

The basic definitions of torsion and curvature are the same as in the type IIB case. The spin 
connection now satisfies 

V0sl = de ^ + na^ = do* - -n ab {v ab e)^ nj. = n^ = ~Io ab (r a6 )£ a . (c.i) 

The only difference in the field content is that we now have even RR-form field strengths satis- 
fying 

dF (2n) = _ F (2n-2) H ( n = 1,...,5), (Q2) 

or in components 

„ F (2n) 2n B {2 „) _ 2n(2n - 1) ~(2n-2) (r , 

V [Ai^A 2 -A 2n+1 ] + Y [AlA2 *\B\A 3 -A 2 n+l] ~ 31 H [AiA 2 A^ Ai ... Mn+l] ■ l^J 

We take the scalar field strength F^' to vanish, i.e. we will not consider the Romans massive 
type IIA supergravity. 

Since the calculations are essentially identical to those of the IIB case we will just list the 
superspace constraints for the IIA case. 
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C.l Superspace constraints 
Dimension 

The non-zero components at dimension are 

TV = -;r^, (c.4) 

Hope = — i(r c rn)a^, (c.5) 

^Si-a 2 „_ 2 = ^^(r ai ... a2n _ 2 (-r n rW (n = l,...,5). (C.6) 

Dimension 1/2 

The non-zero components at dimension 1/2 are 

Tap 1 = s^xi)-(rn)^(rnx)0-lr^(r aX )i + ^(T a T 11 U(T a T llX )i, (C.7) 

t'aai— a 2n -i = e (^ ai—a^-ll llXJa j (^-8) 

where the dilatino superfield is defined as x~ = —C^-Vptf). 

Dimension 1 

The non-zero components at dimension 1 are 

T^ = -^H abc (r bc r n )y-l(sr a )y, (c.9) 

1 i 

Raf3cd = -^H acd (T a Tii) a/3 — -r{T[ c ST^) a p , (CIO) 



where 

S = FW + -F'^T^T^ + i:FXJ d r abcd . (C.ll) 



2 r ab L L 11 "•" 4| r abed 1 



The modified RR field strengths, denoted with a prime, are defined as 

4 2 !?L = e^L + ixr« 1 ..^r?iX (n = 0, .-, 5) . (C.12) 

Note that i 7 ' ', the Romans mass parameter, is taken to vanish but F'(°> is still non-zero. The 
constraints on the RR-fields at dimension 1 are then the duality relations 

F r(2n) _ (-1)" O2n+i-ai p'(10-2n) ( o a K) (ClTl 

r a 1 ---a 2n — /in _ 977 V '" a2n r a 2n+ i---a 10 yil — G,<±,0) . y^j.io) 

The spinorial derivative of the dilatino is given by 



v<# = \x^ + ^(rnx)a(rnx)^ + ^ a <f> (r a )4 + ^H abc (r a6c r n )4 + ^(r a sr a )4 



(C.14) 
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Dimension 3/2 

At dimension 3/2 we have 



/ 



Robed = -x(Pb^cd)a- i(F[ c 1pd]b)a, (C.15) 

Va-Hofe = 3i(r [a rnVV])a:, (C.16) 

where the gravitino field strength is defined as ip— b = T ab —. We also have 

VJStL = S?l X a + 8 [ l(SxV ] - (T n )K(rnSxP + (ST b )^(T bX p 

- (T 11 ST b )K(T 11 r bX p - 2i(T cd )K(^ cd p + 2i(T cd r 11 )K(T 1 ^ cd p . (C.17) 

As well as 



rVfta = 2iV aX - ^H abc T bc TnX (C.18) 



and the dilatino equation of motion 



T a V aX - 2V a 0T a X + ±H abc T abc T llX + \s X = 0. (C.19) 



Dimension 2 



The spinorial derivative of the gravitino field strength is given by 

VaVafe- = -7^[ a H b ] c d (r C rii)^„ + -(V[ a ST fe ])^-Q, ~ j(Rabcd + -^H ace H bd e )(T C )£„ 

- -^;Hcd[a {STqT c Tu)B-a + ^# c d[a (r c rn5r fe ])^a + — (5r[ a ST 6 ])£a 

- ^SalpabX + 2( r n)-« V'afernX + ~Xa ^ab ~ ^ UX) a{^ 11^ ab)~ 

+ ^(r c ^ a6 )a(r c x)£- \{T c T lx i> ab )*{T c Y llX f-. (C.20) 
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